Commutative rings for which the annihilator of each finitely generated module is determined by n or fewer elements are studied. For Artinian rings the bound n is explicitly determined. Noetherian rings satisfying this condition are of Krull dimension one. A new characterization of Dedekind domains is given, and the relationship between the bound and the number of generators of ideals is studied.
It is well-known that for commutative Noetherian rings there is a one-to-one correspondence between prime ideals and isomorphism classes of indecomposable, injective modules. Gabriel [6] showed that this correspondence still holds for any noncommutative Noetherian ring R which satisfies the following condition (H): for each finitely generated module B M there exist elements m l9 m 2 , , m n e M such that Ann Λ (Λf) = Ann^m^ m 2 , , mj. (Here Ann Λ (S) = {r e R I rs = 0 for all seS}, for any subset S£ M.) Cauchon [4] showed that the converse holds, and thus condition (H) holds, for example, for any noncommutative Noetherian ring which satisfies a polynomial identity or is integral over its center.
If the module R M has the descending chain condition on annihilators Ann(S) of subsets S Q M, then it is clear that Ann Λ (Λf) = Ann Λ (m!, m 2 , , m n ) for elements m l9 m 2 , , m n e M. Thus the class of left Artinian rings is one of the basic classes for which GabrieΓs condition (H) holds. In fact, the ring R is left Artinian if and only if the condition on annihilators holds for all left iϋ-modules, not just the finitely generated modules (see [2] ). If R is left Artinian, we note that the number of elements required in condition (H) is bounded by the length of a composition series for the ring R. This motivates the following definition.
DEFINITION. An iϋ-module M is said to have bound n if n is the least integer such that Ann Λ (Λf) = Ann Λ {m lf --,m n } for some finite subset {m l9 , mJ £ M. A ring R is said to have (global) bound n, denoted by bd(R) = n, iί n is the supremum of the bounds of all finitely generated i2-modules.
We note that an i?-module M has bound n if and only if n is the least integer such that there exists an exact sequence 0 -> R/Ann R (M) -> M n , where M n denotes the direct sum of n copies of M. This fact will be used repeatedly in the paper. We have been able to compute the bound of a commutative Artinian ring in terms of the lengths of homogeneous components of the socles of factor rings, but a similar characterization for noncommutative Artinian rings appears to be much more difficult to obtain. In this paper we restrict our study to commutative Noetherian rings, in which case the bound of a ring can be related to the number of generators required for ideals of the ring. We note, however, that a ring with a finite bound need not be Noetherian. In fact, if R is commutative and the module R M is a direct sum (B aeI Rm a of cyclic submodules Rm a , then Ann Λ (Λf) = Ann Λ (m) for the element m = (m a ) aeI e M. Thus any commutative ring whose finitely generated modules are direct sums of cyclic modules has bound 1, and such rings need not be Noetherian (see Brandal [3] ).
We show that a commutative Noetherian ring with a finite bound must have Krull dimension 1. In this case, the ring has bound 1 if and only if it is a ZPI-ring, and so a Noetherian domain is a Dedekind domain if and only if it has bound 1. For a local Noetherian domain, the existence of a finite bound is equivalent to the existence of a bound on the number of generators required for any ideal of the ring, and in this case the two numbers are equal. For a nonlocal domain, the two numbers differ by at most one. In the last part of the paper we consider the problem for rings other than domains by using a weaker notion of bound.
All rings under consideration will be assumed to be commutative rings with unity, and all modules will be assumed to be unital. The injective hull of a module R M in the category of iϋ-modules will be denoted by E R (M).
We will make extensive use of the notion of the Goldie dimension of a module. (The reader is referred to Goldie [7] for details.) A nonzero module is said to be uniform if any two nonzero submodules have a nonzero intersection. A submodule N of M is essential in M if N nontrivially intersects any nonzero submodule of M. A module M has Goldie (or uniform) dimension n if M contains a direct sum of n nonzero submodules, but no longer direct sum. Then M has Goldie dimension n if and only if M contains an essential direct sum of n uniform submodules, or equivalently, if and only if E(M) is a direct sum of n indecomposable submodules. It is evident that the Goldie dimension of a submodule of M is less than or equal to that of M.
We begin with an easy but useful lemma. 
Proof. ( i ): Let (m^ , m t ) be the image of 1 under R -> Λf*, and then note that {/,,}, j" = 1, , t is a direct family where I 3 = Πi^i Ann Λ {mJ.
(ii) and (iii) are clear.
(iv): Let M be an ^-module generated by ^, , x t . Considering M as an iί-module, let N be the jβ-submodule generated by
Recall that the socle, Soc(Λf), of a module M is the sum of its minimal (=£0) submodules. The socle is a direct sum of certain of the minimal submodules. A homogeneous component of the socle is the sum of all minimal submodules in an isomorphism class of minimal submodules. THEOREM 
Let R be an Artinian ring. The bound of R is the supremum of the lengths of the homogeneous components of the socle of R/A, for all ideals A of R.
Proof, Observe that the supremum exists since the length of R/A is at most the length of R for all ideals A of R.
Let n be the supremum of the lengths of the homogeneous components of the socles of all factor rings of R. We first show that bd(R) ^ n. Suppose that R = R/A has a homogeneous component of its socle of length n, and let / be a minimal ideal of R which appears as a direct summand of the socle S of R exactly n times. Let X be a direct sum of one minimal ideal from each isomorphism class of minimal ideals of R. We consider the injective hull E = ER(X) and show that 0 -• jβ -> E n is exact and that n is the least number of copies of E into which R can be embedded.
Since each homogeneous component of S has at most n summands, there exists an exact sequence 0 -> $ -> E n . Since E is injective and since S is essential in R, this extends to an exact sequence 0-+E(R)-^E n , and hence R embeds into E , and let M be the R submodule of E generated by {x lf ••-,&»}. Then M is a faithful, finitely generated i?-module such that R embeds into n but no fewer copies of M. Hence bd(R) Ξ> bd(R) ^ n. (We remark that it is not necessary to pass to M since X is a finite sum of minimal ideals, E is a finite direct sum of indecomposable, injective .β-modules and hence is itself finitely generated by a theorem of Matlis.)
To show that bd{R) ^ n, we note that R = R 1 φ 0 R t is a direct sum of local Artinian rings and since bd{R) = m.SLx{bd(R t )} 9 it suffices to show that bd(R t ) ^ n where n is defined as above. Since each homogeneous component of Soc(i2/A) is contained in some R t /AR i9 it suffices to show that bd(R) ^ n when R is a local Artinian ring.
Let M be a finitely generated jR-module and R = R/Ann R (M). Since R is local, all minimal ideals are isomorphic and the socle of R is homogeneous. Since every nonzero ideal contains a minimal ideal, Soc(R) is an essential direct sum of isomorphic minimal ideals, and thus the Goldie dimension of R is equal to the length of SocCB). Since we have an embedding 0 -> R -> M t where t is the length of R, there exists an exact sequence 0 -> R -> M k where k is the length of SOC(JB) by Lemma 1. Since k ^ n, there is an exact sequence
The following corollary will be useful in our study of Noetherian rings with a finite bound. Proof. Since R/m k+1 is Artinian and since the (homogeneous) length of the socle of R/m^1 is a least n, we have bd{R)^n by Theorem 2.
Our next result shows how severe a restriction the existence of a bound places on the class of Noetherian rings. By Theorem 4 of Warfield [10] , R is a Noetherian ring with bd(R) = 1 if and only if every finitely generated R module is a direct summand of a direct sum of cyclic j?-modules. We also point out that a special case of Theorem 5 gives a new characterization of Dedekind domains. COROLLARY 
R is a Dedekind domain if and only if R is a Noetherian domain and bd{R) -1.
It is well known that every ideal in a Dedekind domain can be generated by two elements. As an extension of this last corollary we explore the relationship between Noetherian domains of finite bound and the number of elements required to generate their ideals. I. S. Cohen [5] designates the rank of a ring to be n if every ideal of R can be generated by n or fewer elements. According to this definition a ring of rank k is also of rank h for all h ^ k. We will say that R has least rank n, denoted by rk(R) -n, if it has rank n but not rank n -1.
THEOREM 7. Let R be an Artinian ring. Then bd(R) = rk{R).
Proof, Suppose that rk(R) = n. Then R = R, 0 0 R f is a direct sum of local Artinian rings and rk(Ri) ^ n. Let A be an ideal of R t . Then the socle of RJA can be generated by n or fewer elements and it is homogeneous, so the length of the socle is at most n. Hence bd{R τ ) S n by Theorem 2 and bd(R) ^ n.
Conversely, suppose that bd(R) = n. Then R = R λ 0 0 R t is a direct sum of local Artinian rings with maximal ideals tπ, and bd(Ri) ^ n. Let / be an ideal of R t which requires k generators. Thus I/mJ is a λ -dimensional vector space over R/m^ Hence the ring R/mJ has Goldie dimension at least k, and so the homogeneous length of the socle of R/mJ is at least k. Hence bd(R t ) ^ k, and so bd{R) Ξ> k. Thus n -bd(R) ^ rk(R), and the theorem is proved. THEOREM 
Let R be a Noetherian domain. Then R has finite rank if and only if R has finite bound, and in this case rk{R) = bd{R) or rk{R) = bd(R) + 1. If R is a local Noetherian domain, then rk(R) = bd(R).
Proof. If R has finite rank or finite bound, then the Krull dimension of R is one by Theorem 9 of Cohen [5] and Theorem 4. Thus all proper factor rings of R are Artinian.
Suppose that rk{R) -n. Let M be a finitely generated jβ-module. Suppose that bd{R) = n. If / is a nonzero ideal of R, then choose 0 Φ a 6 I. Then R/aR is Artinian and bd(R/aR) ^ n. Thus rk(R/aR) :g n and / can be generated by n + 1 (or fewer) elements. Thus rk(R) ^bd(R) + 1. Now suppose that R is a local Noetherian domain with maximal ideal m and bd(R) = n. If / is an ideal of R requiring k generators, then dim Λ/w (7//m) = k. Thus the Goldie dimension of R/Im is at least k and so the homogeneous length of the socle of R/Im is at least k. Since R/Im is Artinian, bd(R/Im) ^ k and thus n ^ k and bd{R) Ĉ OROLLARY 9. Let R be a local Noetherian domain. Then R has finite bound if and only if the Krull dimension of R is at most one. PROPOSITION 
Let R be a Noetherian domain. If bd{R m ) ^ n for all maximal ideals m of R, then bd(R) ^ n.
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Proof. We first observe that if R m has finite bound for all maximal ideals m, then R has Krull dimension at most one. Let M be a finitely generated iϋ-module, with A = Ann Λ (Λf). If A = 0, then there exists an embedding 0 -^ ϋ! -* ikf. If A ^ 0, then R/A is Artinian and R/A = RJc\ 1 R H 0 0 RJq t R n where A = q, Π Π <\ t is a primary decomposition of A and each q* is ^-primary. Thus there exists an embedding 0 -> i?/A -• M % since bd(R H ) ^ w for each i. In any case, iϊ/A embeds into n copies of M, and hence
Recall that if R is a domain with quotient field K, then any subring S with RQS^K is called an overring of R. The following theorem extends the well-known result that any overring of a Dedekind domain is a Dedekind domain. THEOREM 
Let R he a Noetherian domain with finite bound, and let K he the quotient field of R. If S is an overring of R, then bd(S) ^ bd(R).
Proof. By Proposition 10 it is sufficient to show that bd(S n ) <£ bd(R) for all maximal ideals of S. Let m be a maximal ideal of S and let m' = m n R Then S m is an overring of R m , and both rings have Krull dimension at most one by Theorem 93 of Kaplansky [8] .
The proof of that theorem shows that if A is a nonzero ideal of S m9 then SJA can be embedded in a proper cyclic i2 m /-module, and so the Goldie dimension of SJA is at most that of the cyclic i? m /-module. Since S m and R m , are local, the socle of any proper factor ring is homogeneous, and so the length of the socle of SJA is at most bd{R m r) ^ hd(R) and hence bd(S m ) ^ bd(R).
Next we wish to consider Noetherian rings which are not necessarily domains. For this purpose we introduce the notion of a weak bound.
DEFINITION. The ring R has weak bound at most n, denoted wbd(R) ^ n, if for every finitely generated ϋJ-module M such that Aτm R (M) has no embedded primes there exist n elements m lf , m n e M such that Ann^M) = Ann^m^ , m n }. If wbd(R) ^ n but wbd(R) < n, then we write wbd(R) = n. PROPOSITION 
If R is a Noetherian ring and wbd(R) ^ n, then the Krull dimension of R is at most one.
Proof. We first observe that if S is a multiplicative set in R, then wbd{R) ^ n implies wbd{R s ) ^ n. To see this let M be a finitely generated ϋ^-module whose annihilator has no embedded primes. Since rk{Rjp\) is finite we see that rk(R) is finite.
THEOREM 16. Let R be a semilocal Noetherian ring of dimension one. Then wbd(R) ^ bd(R) < o°.
Proof. R has only finitely many prime ideals, say k. Let A be an ideal of R and suppose that A = q x n Π q t is a primary decomposition of A, where q t is ^-primary. Thus 0->J?/A-^i2/q x φ ••• φ R/q t is exact, and as in the proof of Theorem 15, the Goldie dimension of R/A is less than or equal to k-ma.x{rk(R fi )}.
Each R H has finite rank by Corollary 9 and an application of Lemma 14, as in the last part of the proof of Theorem 15.
Finally we mention that we have no example of a ring for which the weak bound is finite but the bound is not finite.
